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Dedicated to Prof. Daniel Burns on the occasion of his 65th birthday 

^— ,- ^ Abstract. We prove a type of the Lefschetz hyperplane section theo- 

fvj ' rem on Q -Fano 3-folds with Picard number one and ^(1,1, l)-singularities 

by using some degeneration method. As a byproduct, we obtain a new 
example of a Calabi-Yau 3-fold X with Picard number one whose in- 
C^ ' variants are 

<C ■ (Hi, C2(X)-/fx,e(X)) = (8,44,-88), 

ri , where Hx, e{X) and C2{X) are an ample generator of Pic(X), the topo- 



a 



> 



logical Euler characteristic number and the second Chern class of X 
respectively. 



0. Introduction 
We work over the complex number field. Let us start by the definition of 



V/-^ ■ Q-Fano variety. 

^^ I Definition 0.1. A projective variety Y is called a Q-Fano variety ifY has 

only terminal singularities and —Ky is ample. 

As the smooth Fano 3-folds, Q-Fano varieties with Picard number one 
form an important class among general ones. In this note, we investigate 
^ ■ a type of the Lefschetz hyperplane section theorem on certain Q-Fano 3- 

H \ folds. Let y be a Q-Fano 3-fold with Picard number one and only cyclic 

singularities of type |(1,1,1). Such Q-Fano 3-folds have been extensively 
investigated in [Salj ISa2| , |CaFl| and [TaH ITa2] . We assume the following: 

Condition 0.2. 

(1) The divisor class group Cl(y) ofY is generated a single element h. 

(2) —2Ky is very ample. 

(3) The linear system \ — Ky\ has a member D that is smooth outside 
Sing(y) and has singularities of type ^(1,1) at Sing(y). 

Note that all the examples of Q-Fano 3-folds classified by H. Takagi satisfy 
this condition (Corollary 3.4 in |Ta2| ) . 
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Let Ynhe a Weil divisor of Y such that Yn ~ nh. If n is odd, then Yn can 
not be smooth and at best it has singularities of type 2(1) 1) at Sing(y) - 
call such one quasi-smooth. If n is even, Yn can be smooth. The purpose of 
this note is to prove the following type of the Lefschetz hyperplane section 
theorem on Y. 

Theorem 0.3. Let Y be aQ -Fano 3-fold with Picard number one and only 
^{1,1,1) -singularities, satisfying Condition W.'A and Yn be the smooth or 
quasi-smooth divisor on Y defined as above. Then the homomorphism of 
divisor class groups 

ci(y) ^ ci(y„); 

is infective and primitive (i.e. the cokernel is torsion-free). For an abelian 
group A, we set Af := j4/(torsion part of A). 

As a byproduct of the proof, we will be able to calculate some invariants 
of a Calabi-Yau 3-fold, which was constructed in |Lelj but whose invariants 
could not be obtained there. It turns out that it is a new example of Calabi- 
Yau 3-fold with Picard number one (©. Its invariants are 

{H^x,C2{X) ■ Hx,e{X)) = {8,U,-88), 

where Hx, e(X) and C2{X) are an ample generator of Pic(X), the topological 
Euler characteristic number and the second Chern class of X respectively. 

The idea of the proof is to use a smooth double covering X over Y. Firstly 
we determine the Picard group of X by some degeneration method. Then 
we can calculate invariants of the preimage of Yn by the ordinary Lefschetz 
hyperplane section theorem on X. With this we finally obtain the invariants 

oiYn. 

In ^ we briefiy introduce some degeneration method from |Le2j . ^ 
is devoted to calculation of the Picard group of the blow-up of Y at its 
singularities. In ^ we apply the degeneration method to calculate invariants 
of X and prove the main theorem. 

1. Degeneration and integral cohomology groups 

We summarize some results of |Le2] that will be used in this note. 

Let (j) : W —1' A he a proper map from a smooth (n -\- l)-fold W with 
boundary onto a closed disk A = {t€C|||t||<l} such that the fibers 
Wt = (j)~^{t) are connected Kahler n-folds for every t ^ (generic) and 
the central fiber Wq = 0~^(O) = \J^ Va is a normal crossing of n-folds. We 
denote the general fiber by Wt. The condition, t 7^ 0, is assumed in this 
notation. We call such a map (p (or simply the total space W) a semi-stable 
degeneration of Wt and we say that Wq is smoothable to Wt with the smooth 



total 


space. 
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We introduce a short exact sequence, 

^ Zh^o ^ ©^v. ^ ker(r)^0 

a 

to give an exact sequence 

(1.1) y F"(Wo, Z) '^ H'^iVa,^) -^ F"(ker(T)) ^ • • • 

a 

Note that tpm = ©a JalH™(VKo,z)5 where ja '■ Va ^^ Wq is the inclusion. Let 

G"^(T^o,z) = Mi^m) c 0/i'™(y„,z). 

Consider non-negative integers, (?i, ■ ■ ■ ,gfc such that 

g'l H \-qk=n. 

Then there are multihnear maps, defined by the cup-product: 

H^''^{Wt,Z) X ••• X H^'''^{Wt,Z) ^Z, 

F2'?i(T4,Z) X ••• X H'^i'^iVa,!^) ^Z. 
The latter one induces a multilinear map 

ai Oik 

setting the mixed terms to be equal to zero. By restricting, we can define a 
multilinear map 

0291(1^0,^) X ••• X G29'=(Tyo,Z) ^Z. 

Note that this multilinear map define a cup product on G^(Wo,Z). 

Let hP^'i{Wt) = dimFP'''(Wt) and h\Wt) = dimH^Wt). We will need 
the following simplified results ( |Le2| . Theorem 6.5): 

Theorem 1.1. Suppose that /i^'°(VFt) = 0. Let ai,a2, • • • ,0^ € G^{Wo,Z) 
with k = h'^iWt) and 6i, 62, • • • ,bk S G"'"^(Wo) ^) such that the intersection 
matrix of cup products: 

{ai ■ bj) 

is unimodular. Then the sublattice (ai, . . . ,0^) of G^{Wo,Z) is isomorphic 
to H'^{Wt,'Z)f with the cup product preserved. 

2. PiCARD GROUP OF SOME BLOW-UP 

Prom now on, the variety y is a Q-Pano 3- fold as in Theorem l0.31 Under 
(1) in Condition [021 the class group Cl(y) is generated by an element h with 
h^ > 0. Let f : Vi ^ Y he the blow up at Sing(y) = {pi, ■ ■ ■ ,pn} and e^'s 
be the exceptional divisors over pj's. Let i? be a prime divisor on Y. Then 
we have 

f*{B) = B + Y,lQie^, 
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for some nonnegative integer qi, where B is the proper transform of B. We 
define the number q^ as the multiphcity rxm[tp{B) of B at pi G Sing(y). It 
is easy to see that B is Cartier at pi if and only if multp- (B) is even. The 
purpose of this section is to show: 

Lemma 2.1. The Picard group ofVi is 

Pic(yi) = (r(/i) - ^ J^e„ei, • • • ,eAr). 

i 

Proof. Since diml" is odd, Ky is not Cartier at pi € Sing(y). Let Ky ~ 
—rh for some integer r. Note that r is odd since otherwise Ky would be 
Cartier. Note that /i ~ (r + l)h + Ky and (r + l)/i is Cartier. So h is not 
Cartier at any point pi. 

Note that f*{Ky)-\- ^ ^j e-i = Kvi • So the following rational combination 
of divisors 



is actually a divisor class since (r + 1) is even. Consider a subgroup 
C := {f*{h) - :t ^ Cj, ei, • • • , cat) 



of Pic(y). Let L be a prime divisor on Vi such that Si <^ L for any i. Let qi 
be the degree L|e. in ej. Then we have 



L = nL)-Y,lq^e^ 



where L = f{L). Note that q^ = multp. (L). We can set L ^ kh for some 
integer k. Note that the following are equivalent: 

(1) qi is even, 

(2) L is Cartier at pi, 

(3) kh is Cartier at pi, 

(4) k is even. 

So we have 



k = gi(mod2) 
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for any i. Then 

i 

^ kf*{h) -^-Qiei 

i 

Since {qi — A;)'s are even, ^^^'s are integers and we have L £ G. A divisor 
is linear equivalent to a linear combination of prime divisors, so any divisor 
class belongs to G. Therefore we have Pic(Vi) C G. D 

Remark 2.2. If C\{Y) has non-zero torsion part or its rank is higher than 
one, the computation of Pic(Vi) is non-trivial and depends on the detailed 
geometry of Y. 

Since h^{Y, Oy) = for < i < 3, we have 

i 

By Poincare duality, there are classes mo, mi, ■ ■ ■ ,m.N in H'^{Vi,7j) whose 
cup product matrix with f*{h) — ^ ^^ Cj, ei, ■ ■ ■ , cat is the (A^-|- 1) x (A^-|- 1) 
identity matrix. 

3. The proof 

Under (2) in Condition 10.21 one can find a smooth surface S in | — 2Ky \ 
such that S CiYn and G := S f] D are are all smooth curves. Then there is 
a Calabi-Yau 3-fold X of Picard number one (Theorem 2.1 of |Lel] ) that is 
a double covering over Y with the branch locus 

S U Sing(y) 

( [LeT] . Theorem 1.1). 

Now we use a semistable degeneration W ^ A of X, which we constructed 
in the proof of Theorem 2.1 of [Lei J (p. 539 - 540). The generic fiber Wt is 
a deformation of X. 

To describe the central fiber Wq, we introduce some notation. 

- Let Vi be the blow-up of Y at Sing(y) as before. Take surfaces S, D 
as above. Note that the proper transform D is a smooth K3 surface. 

- Let g : V2 ^ Y he the blow-up at Sing(y) and G := S n D, and 
fi, . . . , fjsf the ^'-exceptional divisors over Sing(y). Let D' be the 
proper transform of D. 

- Let El, ... , En be copies of P^'s. 

Then Wo = 14 UF2U^iU- • -U^at, where Vi ny2 = D = D' , Vir\Ei = e^, 
V2r\Ei = fi, ei^ fi {l<i< N), and Ei D Ej = IJ} {1 < i < j < N). a 
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and fi are planes of Ei. Note that Cj and /j were denoted by Hu and H2i 
respectively in [Lelj . 

For simplicity, let Sing(y) = {p} be composed of a single point {N = 
1). The proof for general cases is similar. Let g = 2 or 4 and abbreviate 
F*(*,Z),G*(*,Z) as in gUby H*{*),G*{*) respectively. Since 

H'i-\D) = Hi-\einh) = 0, 

the Mayer- Victories sequences are: 

-^ H'i{Vi U V2) -^ Hi{Vi) e H'^{V2) -^ H'>{D) 

and 

^ H^ei U /i) ^ Hi{ei) Hi{h) ^ //^(ei n /i). 
So we can recognize 

H'^iVi U 1/2) and //^(ei U /i) 
as sublattices of 

H'^iVi) ^9(1/2) and //'(ei) Hi{fi) 
respectively. Let us denote them by 

Hi{V^)'e~Hi{V2) and /7'?(eiT©^«(/i) 

respectively. 

Consider the following commutative diagram: 



■02 




Hi{Vi\JV2)(BH''{Ei 
I 
I 
I 

Hi{ei U /i) = 



■^ H^iVi) ® H'i{V2) (B Hi{Ei) 

i 

H'i{yx)®H'i{y2)]®ii''{Ex) 



where the sequence of dotted arrows is exact, coming from the Mayer- 
Vietories sequences of the pair Vi U V2) Ei, i is the inclusion map, and 
the map 



ly : l^HiiVi) Hi(y2)j //'^(^i) ^ Hi{ei) //^(/i) 
acts as follows: 
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Therefore we have 
C^iWo) =keriy 

= {{h,l2,h) G [H'i{Viy^'i{V2)) (B H'^iE^) I /llei = hle^hlf, = h\h} 

= {{h,l2,h) G H'^{Vi)®H'^{V2)®H'^{Ei) I /lie, = kU^hlf, = ^3|/i,Zil5 = /2I5} 

= {(^1,^2,^3) G H'^{Vi)(BH'J{V2)(BH'iiEi) \ liM,h are compatible.}, 

where 'compatible' means that the restrictions of the classes h,l2,h to the 
intersections of Fi, V2, Ei coincide. In the general case that Sing(y) consists 
of multiple points {N > 1), we have 

G'^iWo) = {{h, • • • , /7V+2) G Hi{Vi) e Hi{V2) e H'^iE,) e • • • e H'^iE^) \ 

h,- ■ ■ , In +2 are compatible.} 
With this, one can easily verify that 

H:=(r{h)-\Y.^,,g*{r{h)-\Y.U),e,,---,eA 

and 

ii":=(mo,dF,0,--- ,0) 
belong to G^(VFo) and G^{Wq) respectively, where F G H'^{V2) is a fiber 
class of the blow up 5 : V2 — ^ ^ over a point in C and d = rriQ ■ D. See the 
end of [|2] for the definition of rriQ . Finally we get the following lemma: 

Lemma 3.1. The lattice (H) is isomorphic to H'^{Wt,1')f with the cup 
product preserved. 

Proof. Note that 

H-H' = I r (/i) - 1 ^ eXmo+g*{r{h)-^ J] /i)-dF+0+- • -+0 = 1+0 = 1. 

Since h'^{Wt) = 1 and /i^'°(Wf) = 0, we are done by Theorem ll.il D 

Note that Pic(X) ~ H^{X,Z) ~ H^{Wt,Z) and rkPic(X) = 1. Let 
Pic(X)j = {Hx), where Hx be an ample generator. Then we have 

Hi = H' = (r(h) - i E «') + «•(/•('') - 1 E A)' + '? + ■■■+ «» 



2h^ -N + N 
2h^. 
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Theorem 3.2. The following map: 

vr* : Cl(y) ^ Pic(X); 
is a bijection. 

Proof. For some positive integer a, 7r*(/i) = aHx- Note that a?H\ = 2/i^ 
and H\ = 2h^. So we have a = 1 because Hj^ and h^ are positive. Therefore 
the map is bijective. D 

Now we attain the goal of this note. 

Corollary 3.3 (Theorem 0.2). The following map of lattices 

Cl{Y) ^ Cl{Yn)f 

is injective and prim,itive. 

Proof. Note that X^ '■= 7r~^(l^) is an ample divisor of X. Then the induced 
map 7r\xn '■ -^n —5- 1^ is a double covering, branched over 1^ PI 5 if n is even 
and {Yn H S) U Sing(X) if n is odd. Let iy : Yn ^^ Y and ix : Xn ^^ X be 
the inclusion maps. By the Lefschetz hyperplane section theorem, the map 
of lattices 

i*x : Pic(X); ^ Pic(X„)j 
is injective and primitive. Consider the following commutative diagram: 

Pic(X„)/ ^^— Pic(X)/ 



ci(i;)/ -^ — ci(y) 

where <; = (vr|x„)* : 01(1^^)/ -^ Fic{Xn)f. We showed that the map n* : 
Cl{Y) — > Pic{X)f is injective and primitive. So i'^ o vr* is also injective and 
primitive. Therefore the map iy '. Cl(y) —?■ Cl(l^)/ should be injective and 
primitive. D 

The arguments can be generalized to the case of odd dimensional Q -Fano 
n-folds with singularities of type 2(1; ■' ' > 1) ^ind other similar conditions. 

Now we can remove the condition of the exceptional case {—Ky^N) = 
(4,4) in Theorem 3.2 of [LelJ. The critical part of the proof of Theorem 
3.2 of [Lelj is to show that a = 1 as in the above proof. In [Lelj . we 
relied on the Riemann-Roch theorem and divisibility of some intersection 
numbers, which is why the numbers {—Ky^N) mattered there. Now we can 
get the invariants of the Calabi-Yau double cover of Takagi's Q -Fano 3-fold 
of {-Klr.,N) = (4,4). The invariants are 

{Hl,C2{X) ■ Hx, e{X)) = (8, 44, -88), 

where e{X) and C2{X) are the topological Euler characteristic number and 
the second Chern class of X respectively. Those invariants verify that it is 
a new example of Calabi-Yau 3-folds with Picard number one, which play 
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an important role in the moduli spaces of all Calabi-Yau 3- folds ( [Gr j ) . See 
Table 1 in |EnSt] for a list of some known ones. 
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